First-principles calculations are performed to study the absorption spectra and electronvibration coupling of titanium-doped sapphire (Ti:Al 2 O 3 ). Geometry optimization shows a local structure relaxation after the doping of Ti. Electronic band structure calculation shows that five additional dopant energy bands are observed around the band gap of Al 2 O 3 , and are attributed to the five localized d orbitals of the Ti dopant. The optical absorption spectra are then predicted by averaging the oscillator strength during a 4 ps first-principles molecular dynamics (MD) trajectory, and the spectra agree well with the experimental results. Electron-vibration coupling is further investigated by studying the response of the ground and excited states to the E g vibrational mode, for which a configuration coordinate diagram is obtained. Stokes shift effect is observed, which confirms the red shift of emission spectra of Ti:sapphire. This work offers a quantitative understanding of the optical properties and crystal-field theory of Ti-doped sapphire. The firstprinciples calculation framework developed here can also be followed to predict the optical properties and study the electron-vibration coupling in other doped materials.
Introduction
Titanium-doped sapphire (Ti:Al 2 O 3 ) is widely used as a tunable laser material [1] , for its broad emission spectrum from 650 to 1100 nm. It is also used to produce ultrashort, ultrahigh-intensity pulses with a duration of 20-100 fs. The optical absorption and emission properties of Ti:sapphire are mainly due to the d-d transitions of the Ti atoms, and the strong electron-vibration coupling leads to the broad emission spectra. Crystal-field theory has been used extensively to study the optical properties [2] [3] [4] , and many insightful interpretations have been presented, such as the splitting of 3d orbitals due to the crystal field, Jahn-Teller effect, and the Stokes shift [2] [3] [4] . Quantitative modeling of the absorption and emission properties, however, still rely on parameters fitted from experimental data.
First-principles calculations provide a possibility to quantitatively predict these properties with the initial crystal structure as the only input. Recently, there has been a growing interest in the radiative heat transfer community on the first-principles based method to study the radiative properties of solid materials. Methods based on first principles have been developed to predict optical absorption and/or optical constants of bulk materials (such as GaAs [5] and SiC [6] ) as well as nanomaterials (such as quantum dots [7] and carbon nanotubes [8, 9] ). These predictions could advance our understanding of the detailed material properties in a quantitative manner. The first-principles based calculation also allows us to predict the thermal radiative properties of materials under the conditions when experimental measurements are difficult (for example, high temperature or high pressure). For doped material like titanium-doped sapphire, the optical properties have only been predicted with the "cluster approach," where it is assumed that the optical properties of Ti:sapphire are completely determined by Ti and the nearest neighboring O atoms. This approach was applied to a Ti½H 2 O 3þ 6 cluster by Ruan and Kaviany and good results for excited state energy levels were obtained [10] . A small computational capacity is needed for the cluster, but it is not yet justified that the nearest neighbor environment can fully capture the local environment of a doped ion in the host material. Also, the temperature effect is not considered in their calculation [10] .
Doped materials are also modeled with a more realistic "supercell approach," where a relatively large cell of the host material is created, and a dopant is introduced to the supercell. This approach has been performed on doped or defect materials including Cr 4þ :YAG [11] and O vacancy defects in sapphire [12] , mainly focusing on band structure and defect energy calculation. Ti:sapphire has been investigated using the supercell approach to obtain the formation energy for interstitial and substitutional Ti dopant [13] . All these works have used static ground state calculations to understand structural properties and electron band structure of doped systems. Although electron band structure is related to the optical transitions, the optical absorption and emission process (especially the broadening of absorption and emission peaks) are also strongly dependent on the coupling with vibrational modes. The static ground state calculation cannot capture these effects and is thus not possible to predict the full absorption spectra. Recently, the MD methods have been adopted to allow a timedomain approach to include the effect of lattice vibration. For example, using first-principles MD methods, Bao et al. predicted the temperature-dependent optical absorption of a PbSe nanocrystal [7] and the broadening of absorption peak of GaAs in far infrared spectrum [14] . Yang et al. predicted the high-temperature optical absorption of SiC using a similar approach [15] . However, these methods have not yet been applied to understand the optical properties of an ion-doped dielectric material.
In this work, we present the framework of predicting the optical absorption and electron-phonon coupling in Ti:sapphire by firstprinciples calculations, treating Ti:sapphire as a periodically doped solid. A 120-atom supercell with a substitutional Ti 3þ dopant is considered. Impurity structure and electronic energy levels are first investigated. Then, the finite-temperature optical 1 absorption spectra are predicted using a first-principles MD approach. Configuration coordinate diagram is further studied for the E g mode and the spectral electron-phonon coupling strength is investigated. The obtained results are discussed and compared with previous theoretical and experimental results.
Electronic Structure
The first-principles plane-wave pseudopotential method is employed with the generalized gradient approximation (GGA) using Perdew-Wang exchange and correlation functional [16] , as implemented in the VASP [17] package. Vanderbilt ultrasoft pseudopotentials [18] are used for Ti and O, while the Rappe-Rabe-Kaxiras-Joannopoulos [19] type norm-conserving pseudopotential is used for Al. Partial core is included in Ti and Al potentials. The choice of pseudopotentials follows Ref. [13] . An electron energy cutoff of 400 eV has been used for all calculations.
Corundum (Al 2 O 3 ) has a rhombohedral cell with 30 atoms and a R 3c symmetry group. To minimize the dopant-dopant interaction, a large rhombohedral supercell with 120 atoms is constructed from four unit cells. One Al atom is replaced by a Ti atom, creating a substitution-type point defect as shown in Fig. 1 . No ambiguity is introduced since all Al ions are equivalent in terms of symmetry. The cell parameters are chosen as a ¼ 9.5204 Å and c ¼ 12.9933 Å , following experimental data [20] .
The supercell is relaxed with fixed cell size and shape. We do not attempt to relax the cell parameters. Although replacing one Al atom with Ti atom will change the lattice constant in our calculation, this effect is not physical in real Ti:sapphire, in which the Ti dopants atoms are sufficiently dilute and have negligible effect on the lattice constant of the host. Because of the large size of the supercell, only C point in the first Brillouin zone is used for electron integration. As shown in Fig. 1 , the Ti ion has six neighboring O ions, which exhibit a distorted octahedral configuration. Only two different Ti-O bond lengths are observed, indicating that the Ti-O octahedral complex preserves the symmetry of Al-O complex in the host material. The bond length values of Ti-O are 1.961 and 2.071 Å , which are larger compared to the Al-O bond lengths 1.856 and 1.971 Å . The difference can be attributed to the larger ionic radius of Ti ions. The average Ti-O bond length is 2.016 Å , similar to 2.01 Å acquired by Matsunaga et al. [13] .
The electronic band structure of the supercell is then calculated. Since we are only interested in the electronic and optical properties of the Ti-dopant, only energy levels at the C point of the Brillouin zone are shown in Fig. 2 . Due to the ionic nature of Ti:sapphire, energy levels can easily be identified. The valence band maximum (VBM) is consisted of O 2 p orbitals, and the conduction band minimum (CBM) is Al 3 s orbitals. The intrinsic band gap value of the supercell is calculated to be 6.3 eV, which is similar to other calculated band gap value of pure alumina (6.4 eV [21, 22] ). This confirms that our doping concentration is small enough, so that the dopant will not affect the electronic property of the host material. All the calculated values are smaller than the experimental value 8.7 eV [23] , which is normal considering GGA calculations tend to underestimate the band gap value [24] .
There are five additional energy levels induced by the Ti dopant, denoted from low energy to high energy as D1 to D5. These levels can be identified as Ti 3 d orbitals, which split into lower three (T 2g ) and upper two (E g ) energy levels in the Al 2 O 3 host. The three T 2g levels are nearly degenerate with small splitting value around 0.01 eV, and E g levels are also nearly degenerate. The splitting is small so that it is difficult to be observed in Fig. 2 . The charge distributions of D1 and D4 orbitals are shown as isosurfaces [25] in Fig. 3 . It is clear that the isosurfaces resemble the lobe shapes of typical 3 d orbitals and also contain some components of p orbitals of the adjacent O atoms. This confirms that the D1 and D4 energy levels are mainly localized energy states of the Ti dopant. The calculated splitting energy 2.4 eV is consistent with experimental results [2] . The energy of the T 2g levels is 4.6 eV above the VBM, which is also in good agreement with a previous prediction of 4.66 eV [13] and with the experimental Fig. 1 The optimized structure for a doped 120 ion Ti:Al 2 O 3 supercell Fig. 2 Electronic energy levels for the Ti-doped alumina supercell. The lower Ti 3d level is three-fold degenerate (D1, D2, and D3 denoted by the three circles) and the upper Ti 3d level is two-fold degenerate (D4 and D5 denoted by the two circles). estimate (4.45 eV) [26] . However, due to the underestimation of the intrinsic band gap, the E g levels, which are supposed to be located in the intrinsic band gap, are above the CBM. Since the calculation of optical properties will not involve VBM, we do not correct this.
The calculated electronic structure can be compared with the well-known crystal-field theory, which has been the primary theory to explain the formation of impurity levels. According to crystal-field theory, the free Ti 3þ ion has five degenerate d orbitals. After the ion is placed in an octahedral crystals field, the orbitals will split into one doubly degenerate E g multiplet (including d [2] . Our results are consistent with the crystals field theory in that the five energy levels are split into lower three (D1, D2, and D3) and upper two (D4 and D5) bands. It should be noted that further splitting of the T 2g level due to Jahn-Teller effect cannot be captured by the first-principles calculations presented here. To consider this effect, it is necessary to perform excited state calculation for the doped system [10] , which is difficult with current computational capacity.
Absorption Spectra
The electron transition probability between two energy levels is characterized by the absorption cross section r a ðxÞ, given by [27] r a x ð Þ ¼ pe
in which f ij is the oscillator strength between two energy levels; e, m, e 0 , and c are the electron charge, electron mass, vacuum permittivity, and speed of light, respectively. Oscillator strength can be determined by [27] 
where the hij and jji are the wave functions of the initial and final state, respectively, and r is the position vector. In our firstprinciples calculation of Ti:sapphire, the wave functions are approximated by the independent particle orbitals of Ti atom. Also, the oscillator strength is calculated by our own code used previously to calculate the absorption spectra of quantum dots [7] , in which the spatial integral is performed over the supercell. Note that our approach simply follows Eq. (2), which is not the same as the general approach based on the linear response theory [28] for extended system. Different from semiconductors, Ti:sapphire is an ion-doped dielectric and its optical properties are determined primarily by transitions of localized electrons of Ti dopants in the crystal field. In the practical range of doping concentration, the dopants are rather far apart and their localized electrons do not interact. Therefore, its optical properties have little dependence on whether the dopants are arranged periodically, and our approach is valid. Results in Sec. 2 show that the T 2g to E g energy levels in Ti:sapphire form six pairs of such transitions. Thus, the summation of six line transitions should give the absorption spectra of this material. However, lattice vibrations also interfere with the local crystal field at the optically active Ti ion and affect the optical absorption and decay process, which is a typical electron-vibration coupling process. Vibration can modulate the electronic energy levels, leading to broadening and shifting of optical spectra. Lattice vibrations are therefore needed to be included in the system to obtain an absorption spectrum that contains the vibration effect. In order to consider the broadening of absorption spectra due to the electron-vibration coupling, first-principles MD is then performed for this supercell. The system is first heated to around 300 K using a simple velocity rescale technique. After the temperature becomes stable, a 4 ps microcanonical trajectory (NVE ensemble) is generated and the data are recorded. The lattice vibration induced by the ionic motion will modify the electronic structure and the wave function. Also, according to the Fermi-Dirac distribution, the single electron on the lowest T 2g level will be excited to other T 2g levels. Because of the large energy difference between T 2g and other energy levels, the distribution function on other energy levels will not be affected by the temperature. Thus, we approximate the frequency-dependent absorption spectra by averaging the six pair transitions at each ionic configuration during the MD process
where i denotes an energy level from T 2g levels and j is an E g level; and b i is the occupation number of level i. N is the total number of MD time steps and C is a constant which can be determined from Eq. (1). The calculated Ti:sapphire spectra and the experimental absorption and emission spectra are shown in Fig. 4 . Since the absorption depends on doping density, the peak height cannot be directly compared with experimental results. As such, we normalized the peak heights to unity to only compare the peak position and the spectra broadening. Our calculation results, especially the vibration-induced broadening, agree well with the experiments. In our results, the spectra are not smooth, which is likely due to the insufficient ensemble average limited by the total MD steps we can perform. The emission spectra are centered at a longer wavelength and different from absorption spectra. This is due to the difference between absorption and emission process: during absorption, one assumes the system is in ground state (i.e., D1/ D2/D3 have one electron and D4/D5 are empty) and during emission, the system is at excited state (D4/D5 are occupied). To accurately predict emissions process needs excited states calculation. To capture the red shift (Stokes shift) of the emission spectra, we construct the configuration coordinate diagram for the Ti:sapphire, as discussed below.
Configuration Coordinate Diagram
The absorption and emission of Ti:sapphire depend on d-d transitions of the Ti 3þ ion. Since this transition involves a change in crystal-field configuration, the transition energy is very sensitive to the strength of the crystal field. In order to understand how local vibration can affect the electron transition, we construct the configuration coordinate diagram to describe the transition between electronic energy levels coupled to local lattice vibrations. It is a one-dimensional diagram that gives the electronic Fig. 4 Calculated absorption spectra at 300 K in this work (black solid line) and the experimental absorption spectra at room temperature [29] (dotted line) and emission spectra from Ref. [30] (dashed line) energy levels with respect to the ion displacement along a certain normal vibrational mode. Because Ti dopant ion differs in mass and charge from Al ions, local modes are used that have different frequencies from the host lattice. From Fig. 3 , we know that the energy levels mainly involve the d orbitals of Ti dopant and p orbitals of the six neighboring O ions. Thus, the relative positions of the nearest O ions have the most important effect on the crystal field on the dopant. Based on these considerations, we assume that the lattice vibrational effects are attributed to the vibrational modes of the octahedral complex (with Ti in the center and six O ion around). The local vibrational modes are shown in Fig. 5 , and the modes are characterized by its symmetry (A 1g , E g , T 1g ; T 1u , and T 2u ) [2, 10] . The configuration coordinate diagram of E g vibrational mode is obtained by manually displacing the six O atoms along a pattern with E g symmetry with a scaling factor Q, and the diagram is shown in Fig. 6 . The lowest curve is the total ground state energy with respect to the normal coordinate, and the upper curves are the energy levels which represent the higher state.
Based on the adiabatic approximation, the electronic transitions are instantaneous compared to the ion motion and are thus represented by vertical lines in the diagram, as shown in Fig. 6 . The most probable absorption transition takes place at the minimum of the ground state, with an excitation energy of 2.4 eV, as shown in the absorption spectra. The most probable radiative decay takes place from the two minimums of the E g level, corresponding to transition energies of around 2.2 eV. The two energies are corresponding to the two R-lines at the high-energy edge in the lowtemperature fluorescence spectra of Ti:sapphire, but the values are a little higher, due to the fact that the high-energy level is taken as the excited state energy. The shift of the energy (or wavelength) between absorption spectra and emission spectra is the wellknown Stokes shift. Though the Stokes shift is captured here, it is smaller than the experimental results, which show that the absorption spectra and emission spectra are centered at around 500 and 750 nm (2.48 and 1.65 eV), respectively [2] .
Electron-Vibration Coupling Spectra
The coupling of electrons and vibration is directly related to the second derivative of the energy along the nuclear trajectory, and therefore, those vibrational modes that most strongly modulate the energy levels create the largest coupling [31] . To analyze the electron-vibration coupling strength, the Fourier transform of the transition energy is calculated and shown in Fig. 7 . Here, the transition energy is defined as the energy difference between the average energy of T 2g levels and the average of E g levels. The spectral intensity shows that the phonons that most strongly couple to this transition energy are concentrated between 200 and 450 cm
À1
. This frequency corresponds to the E g and A 1g vibrational modes of the Ti-O complex, which are calculated to be 379 and 429 cm À1 , respectively [10] . Frequencies of other three eigenmodes are all below 200 cm À1 (T 2g ; T 1u ; T 2u ). This result agrees well with the prediction of theory that E g mode plays the most important role in the vibronic coupling of Ti:sapphire.
Summary and Discussion
In summary, we have used first-principles pseudopotential calculations to obtain the electronic structure and configuration coordinate diagram of Ti:sapphire. When Al ions are replaced by Ti ions, the O ions relax to allow for a 5% longer Ti-O bond than the Al-O bond. Five extra energy levels appear around the band gap. These levels split into lower three and higher two degenerate groups, separated by 2.4 eV. These energy levels are mainly composed of Ti 3d orbital and p orbitals of the six nearest neighbor O atoms, and are strongly localized at the Ti sites. The absorption spectra are then predicted by a MD approach, and the result agrees well with the experimental results. We also quantitatively constructed the configuration coordinate diagram for E g mode of the Ti octahedra and observed Stokes shift. The predicted Stokes shift value, however, is smaller compared to the experimental result. This is because the current ground state calculation uses independent particle approximation, where the excited states are approximated by the higher energy level. Accurate prediction of the Stokes shift requires more advanced method beyond the density functional theory we used here, such as time-dependent density functional theory and excited states dynamics, which only recently have became feasible on solid state systems [32, 33] . This could be left for further investigation.
